
IEEE Number Formats

In Java, there are eight basic data types. Four of these support integers: byte, short,
int, long. Two of these support floating point numbers, or numbers with non-zero deci-
mal expansions: float, double. The last two are char and boolean. The sizes of each are
shown in the following table:

Type: byte short int long float double char boolean
Bits: 8 16 32 64 32 64 16 8

Bytes: 1 2 4 8 4 8 2 1

Each bit of each type has a distinct role in decoding the value stored in an element
of that type. We examine each here, beginning with the four types of integers, then the
two types of floating point numbers, then the char, and finally the boolean.

Before we begin, we show two distinct ways of expressing numbers in binary (or base
2, or bitwise) format. These are: 1) unsigned and 2) two’s (2’s) complement. To simplify
matters, instead of using a long, int, short, or byte, let’s identify a half-byte, commonly
referred to as a “nibble”. A nibble is completely analogous to the four integer types,
except that it contains only 4 bits. Because every bit can contain either a 0 or a 1, there
are 24 or 16 distinct nibbles:

0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111, 1000, 1001, 1010, 1011, 1100, 1101, 1110, 1111.

We assign each of these nibbles to an unsigned value and a 2’s complement value in
the table below:

Nibble Unsigned 2’s Comp.

0000 0 0
0001 1 1
0010 2 2
0011 3 3
0100 4 4
0101 5 5
0110 6 6
0111 7 7

Nibble Unsigned 2’s Comp.

1000 8 −8
1001 9 −7
1010 10 −6
1011 11 −5
1100 12 −4
1101 13 −3
1110 14 −2
1111 15 −1

With the values shown above, we can identify what we mean by “unsigned” and “2’s
complement”. First, the unsigned numbers have no sign ... and therefore default to
positive values. For an unsigned number, we simply start at 0000 and count up, as is
happening in the tables above. So the unsigned nibbles start at 00002 or 010, and count
up to 11112 or 1510. (The subscripts denote the base of the number: binary is base 2,
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decimal is base 10).

However, in the real world, we need negative numbers. The 2’s complement system iden-
tifies approximately as many negative numbers (actually one more) as positive numbers.
One quick way to decide if a 2’s complement number is negative or non-negative is to
look at the left most (most significant) bit. If this bit is 0, the number is non-negative.
If this bit is 1, the number is negative. The non-negative nibbles are the same whether
2’s complement or unsigned. To create a negative number in 2’s complement, (say that
for some x > 0 we wish to find −x), perform the following steps:

1) Find the nibble corresponding to x.
2) Toggle (1 becomes 0, 0 becomes 1) each bit.
3) Add 1 (or 0001). The result corresponds to −x.

Example: Compute the two’s complement value for −5. Begin with x = 5, which
corresponds to the nibble 0101. Toggling each bit produces 1010. Adding 0001 produces
1011. Therefore: −510 = 10112.

One might easily ask “why would we use something crazy like this 2’s complement
system?”. One easy answer is that: in two’s complement, −510 + 510 = 10112 + 01012 =
00002 = 010. That does seem to be an important “thing” to have happen! Finally, we
have a name for numbers created simply by toggling each bit: 1’s complement. There-
fore, the difference between a 1’s complement number and the corresponding 2’s com-
plement number is that adding 1 to a 1’s complement number gives the corresponding
2’s complement number. However, the 1’s complement system lacks that all important
property that “the sum of a number and it’s negative is 0”. For this reason, it is used
and seen very infrequently. 2’s complement numbers, however, are seen quite frequently!

Of course this discussion generalizes to all integer types. For instance, using bytes,
we might have:
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d bits 1’s complement 2’s complement -d

0 00000000 11111111 00000000 −0
1 00000001 11111110 11111111 −1
2 00000010 11111101 11111110 −2
3 00000011 11111100 11111101 −3
: : : : :

125 01111101 10000010 10000011 −125
126 01111110 10000001 10000010 −126
127 01111111 10000000 10000001 −127

10000000 −128

Finally, a frequently asked question regarding number formats is: “How do I con-
vert an unsigned number in binary (base 2) to it’s unsigned decimal (base
10) form, and vice versa?” Good question. It’s helpful to point out first exactly how
we evaluate our familiar base 10 numbers. For example, consider the number 314159.
We’re so use to our number system that we don’t even stop to think about just HOW
we know how much this number is. Nevertheless, when we do take the time to think
about it, we know that this number can be written as:

31415910 = 3 · 105 + 1 · 104 + 4 · 103 + 1 · 102 + 5 · 101 + 9 · 100.

Well, binary numbers are evaluated in the same way. Take for instance the number
1101012. We can easily decompose this number as powers of 2 rather than 10:

1101012 = 1 · 25 + 1 · 24 + 0 · 23 + 1 · 22 + 0 · 21 + 1 · 20.

This allows us to easily evaluate this number, since it’s pretty clear that we can
rewrite this as:

1101012 = 32 + 16 + 4 + 1 = 5310.

The following two examples follow easily:

i) 1101101102 = 256 + 128 + 32 + 16 + 4 + 2 = 43810

ii) Since 11111111111 + 00000000001 = 100000000000, and
since 1000000000002 = 1 · 211 = 2048,
we conclude that 111111111112 = 2047.

So we are able to easily rewrite a binary number as a decimal number. But how do
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we rewrite in the reverse direction: from decimal to binary? There are a few approaches,
each of which essentially does the same thing: we look for powers of 2 which must exist
in our decimal number and write a 1 in the appropriate position in our binary number.
Sounds nebulous? Here’s an algorithm:

1) Let x be your unsigned integer expressed as a decimal (base 10) number.
2) Let bnbn−1bn−2...b2b1b0 represent the binary representation of x.
3) Let p represent a power of two or the index / position within your binary number,
“bp”.
4) Initially: set p = 0., and set bk = 0 for all values of k. Then:

Repeat:
{
if (x mod 2 == 1)

bp = 1
otherwise

bp = 0
Set x equal to x / 2
Increment p by 1
} while x > 0

Example: x = 41

1. Set x = 41, p = 0

2. Since 41 mod 2 is 1, set bp = b0 = 1

3. New x is 41/2, so x = 20. Set p = 1

4. Since 20 mod 2 is 0, set bp = b1 = 0

5. New x is 20/2, so x = 10. Set p = 2

6. Since 10 mod 2 is 0, set bp = b2 = 0

7. New x is 10/2, so x = 5. Set p = 3

8. Since 5 mod 2 is 1, set bp = b3 = 1
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9. New x is 5/2, so x = 2. Set p = 4

10. Since 2 mod 2 is 0, set bp = b4 = 0

11. New x is 2/2, so x = 1. Set p = 5

12. Since 1 mod 2 is 1, set bp = b5 = 1

13. New x is 1/2, so x = 0. STOP. DONE!

Our result, then, is: 4110 = b5b4b3b2b1b0 = 1010012.

Integers: Each type of integer, (byte, short, int, long), expresses a two’s comple-
ment number, and covers a range dependent on the number of bits in the data type. If
we define b to be the number of bits for a type, then the range of that type is given by
−2b−1...2b−1 − 1. This gives:

Type Number of bits Range

byte 8 -128...127
short 16 -32768...32767
int 32 -2147483648...2147483647

long 64 -9223372036854775808...9223372036854775807

By the way, a very helpful notation involves writing a number, which would otherwise
be expressed as a binary number, using the Hexadecimal format. This format simply
groups binary numbers into nibbles (groups of four bits each) and assigns a hexadecimal
digit to each. This can be seen in the table below where each of the 16 distinct nibbles
is written in base 10 (decimal), base 2 (binary) and base 16 (hexadecimal). This table
is assumed to be written as unsigned data.

b3b2b1b0 0000 0001 0010 0011 0100 0101 0110 0111
Decimal 0 1 2 3 4 5 6 7

Hexidecimal 0 1 2 3 4 5 6 7

b3b2b1b0 1000 1001 1010 1011 1100 1101 1110 1111
Decimal 8 9 10 11 12 13 14 15

Hexidecimal 8 9 A B C D E F
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Finally, we show the bit patterns of the four Java integer basic data types. These
are all simply 2’s complement numbers, each with a range stated in the table above.

byte: 8 bits: b7 b6 b5 b4 b3 b2 b1 b0

short: 16 bits: b15 b14 b13 b12 b11 b10 b9 b8 b7 b6 b5 b4 b3 b2 b1 b0

int: 32 bits: b31 b30 b29 b28 b27 b26 b25 ... b3 b2 b1 b0

long: 64 bits: b63 b62 b61 b60 b59 b58 b57 ... b3 b2 b1 b0

Next, we describe the two floating point types (float and double). These are some-
what more complicated, and their bit patterns are discussed below.

float: 32 bits:

b31 b30 b29 b28 b27 b26 b25 b24 b23 b22 b21 b20 b19 ... b3 b2 b1 b0
s0 e7 e6 e5 e4 e3 e2 e1 e0 m22 m21 m20 m19 ... m3 m2 m1 m0

A float is described as: (−1)s0 · 1.m22...m0 · 2(e−127). The three fields, (s,m, e), in the
number format are:

Field Bit
Field: Descriptor Descriptor Format Range

Sign s = s0 b31 Bit 0 (pos), 1 (neg)
Exponent e = e7...e0 b30...b23 Unsigned 1 ... 254
Mantissa m = m22...m0 b22...b0 Unsigned 0 ≤ m < 1

double: 64 bits:

b63 b62 b61 b60 b59 b58 b57 b56 b55 b54 b53 b52 b51 b50 b49 ... b2 b1 b0
s0 e10 e9 e8 e7 e6 e5 e4 e3 e2 e1 e0 m51 m50 m49 ... m2 m1 m0

A double is described as: (−1)s0 · 1.m51...m0 · 2(e−1023). The three fields, (s,m, e), in
the number format are:
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Field Bit
Field: Descriptor Descriptor Format Range

Sign s = s0 b63 Bit 0 (pos), 1 (neg)
Exponent e = e10...e0 b62...b52 Unsigned 1 ... 2046
Mantissa m = m51...m0 b51...b0 Unsigned 0 ≤ m < 1

Example: Express the number 1.25 as both a float and a double.
To determine the mantissa, we first divide our number by the power of two for

which our result lies within 1.0 ≤ m < 2.0. In this case, the number 1.25 is al-
ready in this range, so we effectively divide by 20. Our exponent, then, is 0. For
the float, the value of e is given by adding 127 to this. Therefore, e = 0 + 127 = 127 =
01111111111. For the double, the value of e is given by adding 1023 to this. There-
fore, e = 0 + 1023 = 1023 = 01111111111111. Our mantissa is equal to 1.25 − 1, or
0.25. That is: m = 0·2−1+1·2−2+0·2−1+0·2−1+..., or: m = 0100000000.... In summary:

Double:
s = 0
m = 0100000000000000000000000000000000000000000000000000
e = 01111111111

Result: 0|01111111111|0100000000000000000000000000000000000000000000000000
Result (Hex): 3FF4000000000000

Float:
s = 0
m = 01000000000000000000000
e = 01111111

Result: 0|01111111|01000000000000000000000
Result (Hex): 3FA00000

Example: Express the number 67.0625 as both a float and a double.
To determine the mantissa, we divide our number by the power of two for which our

result lies within 1.0 ≤ m < 2.0. In this case, the number 67.0625 divided by 26 = 64
falls in the appropriate range. So our exponent is 6. For the float, the value of e is
given by adding 127 to this. Therefore, e = 6 + 127 = 133 = 10000000101. For the
double, the value of e is given by adding 1023 to this. Therefore, e = 6 + 1023 = 1029 =
10000000000101. To find the mantissa, let’s express 67.0625 in binary. Clearly:

67.0625 = 64 + 2 + 1 + 1
16

= 26 + 21 + 20 + 2−4 = 1000011.00012

Our mantissa is found by shifting this binary number right by 6 places (26), which
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gives us: 1.0000110001. Then m, is found by subtracting 1: m = .0000110001 In sum-
mary:

Double:
s = 0
m = 0000110001000000000000000000000000000000000000000000
e = 10000000101

Result: 0|10000000101|0000110001000000000000000000000000000000000000000000
Result (Hex): 4050C40000000000

Float:
s = 0
m = 00001100010000000000000
e = 10000101

Result: 0|10000101|00001100010000000000000
Result (Hex): 42862000

Chars: There is no real mystery here, but we add this for completeness. First, recall
that we’ve investigated the UNICODE characters. A natural and important extension
to the 8 bits used for the ASCII character set, UNICODE characters require 16 bits, or
2 bytes. What a coincidence, then, that the char data type has a length of exactly 16
bits, or 2 bytes. Of course this is no coincidence at all: the char simply contains the
UNICODE character set. For example, then, the Greek character Σ, which has Unicode
hexadecimal value 03A3 can be represented by a char in Java with value equal to 03A3.

Finally, a boolean variable only assumes one of two values: true or false. In a byte,
clearly, there is no need for more than a single bit: if the least significant bit (the bit
farthest to the right, b0) has value 1, this is interpreted as true. If the least significant
bit b0 is set to 0, we interpret this as false.
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