
CS 317 - Fall 2019 - Lab Project 3

This project asks you to investigate two Newton’s algorithm for determining a single
root of a function near an initial point. For example, we might wish to determine the root
of the function f(x) = x5 − 5x3 + 4x near the point (1.8, f(1.8)). Since f(x) has roots at
x = −2,−1, 0, 1, 2, hopefully our algorithms will converge to the root x = 2. Hopefully.
Maybe.

The two Newton Algorithms serve to achieve quadratic and cubic convergence. And
unlike certain recent algorithms, you WILL observe the superiority of the cubic algorithm
over the quadratic algorithm almost immediately. The two algorithms involve distinct
iterative steps:

1. Quadratic: xn+1 = xn − f(xn)
f ′(xn)

2. Cubic: xn+1 = xn − f ′(xn)
f ′′(xn)

±
√

f ′(xn)2−2f(xn)f ′′(xn)

f ′′(xn)

Of course, nothing in life is free, and there is a price to pay for the superior cubic
algorithm. Obviously, the iterative step is more complicated, requiring more function
evaluations, but this is more than justified by the superior convergence rate. The major
difficulties with the cubic version are more logistic. Such as: what happens if we try to
evaluate a negative square root? Should I pick the “+” or the “−”?. But of course both
algorithms require a few important decisions as well: How “good” should my initial guess,
x0, be? What about the case of roots with multiplicities greater than 1?

Below, you are given several test cases. You are asked to run both algorithms for
each case to find the root of the function near (but not equal to) the given initial guess.
Instead of gathering points (n, T (n)) as in previous algorithms, here you gather points
(n, log10(En)), where n is the iteration number: 0, 1, 2, 3, 4, ... (the index n for each xn),
and En is the error of the n− th iterate. For each case, plot the points (n, log10(En)) for
both quadratic and cubic algorithms in a single plot. State the function f(x), the initial
guess x0, the final approximation of the root using 5 decimal places, and for each case,
the number of iterations required to achieve the required error tolerance, or just “tol”.
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1) f(x) = x3 − 8 root near (but not equal to) 2.0 tol: 10−1000

2) f(x) = x3 − 2x2 − 4x + 8 root near (but not equal to) 2.0 tol: 10−1000

3) f(x) = x3 + 8 root near (but not equal to) 2.0 tol: 10−1000

4) f(x) = x4 − 23 root near (but not equal to) 2.0 tol: 10−1000

5) f(x) = x5 − 26x2 root near (but not equal to) 2.5 tol: 10−1000

6) f(x) = x5 − 26x2 root near (but not equal to) 0.0 tol: 10−1000

7) f(x) = x5 − 26x3 root near (but not equal to) 2.5 tol: 10−1000

8) f(x) = x5 − 26x3 root near (but not equal to) 0.0 tol: 10−1000

Finally, run one or two tests (or modify some above) to include at each step, a print
out of signs of f(xn), f ′(xn), f ′′(xn) and the sign used from the ± branch of the cubic
formula. Use data to answer the relevant questions below!

1. How does the multiplicity of the root under investigation influence the convergence
rate?

2. Does one of the methods require more care in choosing an initial guess than the
other? Explain.

3. For the cubic method, which conditions determine which sign (from the ± term)
should be used? Explain.

4. Following the derivation from class, explain how you might approach the problem
of constructing a quartic (En+1 ≈ kE4

n) version of Newton’s algorithm.

5. Discuss the advantages in creating a hybrid algorithm which starts off using the
quadratic Newton’s algorithm for a few steps, then switches to the cubic Newton’s
algorithm. Is this a good idea? Or not? Explain.

6. Is this theoretically derived cubic method the best? Research, online, other cubically
convergent methods for locating roots of functions. For one, compare it to our cubic
method above, using at least two of the test cases listed. Discuss in what ways it is
or is not superior to the our method above.
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