
Big O Notation - and related concepts

In the world of Algorithm Analysis, we require tools with which to evaluate the
growth of functions. Usually these functions represent the increase in time, T (n), or
space S(n), as a parameter n increases. In the world of Algorithm Analysis, we will gen-
erally accept that n, T (n), S(n) are non-negative as they all measure physical quantities
which are non-negative, such as number of elements, elapsed time, required memory. In
the analysis below, we will use the more generic variables and functions x, f(x), g(x),
which again, for purposes of this description, we will accept as non-negative, at least
where it matters ... when x grows large and positive. In fact, in what we describe below,
we will make assume an ideal case: that the variable, x, or n, approaches∞. Of course,
this is just an idea ... we will ever sort a list of an infinite number of objects, row-reduce
an infinite number of linear equations, or traverse a graph of an infinite number of nodes.
Nevertheless, for our work to be meaningful, we will generally assume an extremely large
value for our variables.

Below are a handful of metrics used in Algorithm Analysis to measure the growth
of functions in general, and more specifically the growth of functions of time or space
complexity. We need these metrics to describe both upper and lower bounds (sometimes
both at the same time) of the growth of our complexity functions. We express these
in a variety of ways to add to the overall intuition and understanding of these metrics,
which at first seem somewhat strange to the beginner.

Note: Below, the we use the constants 0 < C, c, c1, c2, x0 <∞.

1. f(x) is said to be “Big O” of g(x), or f(x) = O(g(x)), or f(x) ∈ O(g(x)):

(a) Definition: if there exist positive constants, x0 and c such that we have
f(x) ≤ cg(x) for all values x ≥ x0.

(b) Verbally: The growth of f(x) is bounded above by the growth of g(x), up to
a multiplied constant 0 < c <∞.

2. f(x) is said to be “Big Omega” of g(x), or f(x) = Ω(g(x)), or f(x) ∈ Ω(g(x)):

(a) Definition: if there exist positive constants, x0 and c such that we have
f(x) ≥ cg(x) for all values x ≥ x0.

(b) Verbally: The growth of f(x) is bounded below by the growth of g(x), up to
a constant.
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3. f(x) is said to be “Big Theta” of g(x), or f(x) = Θ(g(x)), or f(x) ∈ Θ(g(x)):

(a) Definition: if there exist some positive constants, x0, c1, c2 such that we have
c1g(x) ≤ f(x) ≤ c2g(x) for all values x ≥ x0.

(b) Equivalently: f(x) = Θ(g(x)) if and only if f(x) = O(g(x)) and f(x) =
Ω(g(x))

(c) Verbally: The growth of f(x) is the same as the growth of g(x) up to a
constant... the growth of f(x) is “sandwiched (resp. squeezed in above and
below by) g(x)”.

4. f(x) is said to be “little o” of g(x), or f(x) = o(g(x)), or f(x) ∈ o(g(x)):

(a) Definition: if for ALL positive constants, c, there exists some positive num-
ber, x0 such that we have f(x) ≤ cg(x) for all values x ≥ x0.

(b) Equivalently: f(x) = o(g(x)) (for non-zero g(x)) if and only if f(x) = O(g(x))
but f(x) 6= Θ(g(x))

(c) Verbally: f(x) is dominated above by g(x)... f(x) “grows a LOT slower than”
g(x).

One very important relation used frequently is:

If fk(x) = O(gk(x)) for k = 1, 2, ...n, then T (
n∑

k=1

fk(x)) = O(
n

max
k=1

gk(x))
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